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Dedicated to J. P. D' Angela, whose work celebrates positivity in many forms 

I Abstract. A new proof of Oka's lemma is given for smoothly bounded, pseu- 

■ doconvex domains fl CC C". The method of proof is then also applied to other 

Q ' convexity-like hypotheses on the boundary of ft. 

Q 

CN ! 1. Introduction 



> 

u 



If f2 is a domain of holomorphy in C", Oka's Lemma states that (j){z) = — log dhn{z) 
is plurisubharmonic for z in Q, where dbn{z) denotes the Euchdean distance from z to 
Qc _ (j^"^^^. This is a foundational result in several complex variables, with (p serving 
as the initial building block in various constructions of holomorphic functions on Q, 
^ ' e.g.. Theorems 4.2.2, 4.4.3, and 4.4.4 in [9], Theorem 3.18 in [13], Theorems 3.4.5 

and 5.4.2 in [11], and Theorem D.4 in Chapter IX of [7J, among others, hinge on 
Oka's Lemma. 

^ The aim of this paper is to give a new proof of Oka's Lemma when Q has smooth 

QQ ■ boundary bil, and to examine the result as an instance where positivity conditions 

. on the Hessian of a function / are "spread" to a wider set of points and vectors by 



taking functional combinations of / of the form x o /, for x : M — t- R. 

This point of view is easiest to describe via the signed distance-to-the-boundary 
function 6 = 6bn', see (13.11) below. If f2 is a smoothly bounded domain of holomorphy, 
then Q is Levi pseudoconvex, see, e.g.. Theorem 2.6.12 in [9]. Since 5 is a defining 
function for Q, it follows that 

X!' (1.1) y2j^^ip)v,Vk>o, ifpebn,v eCTpibn). 

Oka's Lemma says that (II. ip implies = — log(— 5) is plurisubharmonic on Q, i.e. 
that 



=1 



> 0, if zen,W e C". 



Notice that the quadratic form in (II. ip is only nonnegative-definite at a small set of 
points in Q (namely, p G bQ) and in certain directions (namely, V G CTp{bQ)), while 
the form in (11.21) is nonnegative-definite at all points in Q and in all directions. Thus, 
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Oka's Lemma asserts that the positivity (on its complex Hessian) (j) inherits from S 
is more widespread than condition (11 .ip imphes at first glance. 

This paper grew out of our desire to find a direct proof of Oka's Lemma. The 
standard proof, see Theorems 2.6.12 in [9], Theorem 3.3.5 in [11], E.5.11 in [13], is 
by contradiction: assuming (II. 2p is violated at some z E Q and in some direction W, 
a boundary point p and a direction V G CTp{bQ) are found where (II. ip cannot hold. 
The advantage of the canonical approach is the usual one: negation of the non-strict 
inequalities result in strict inequalities and these are easier to deal with than (II. ip 
and (II. 2p themselves. 

Our proof deals with the semi-definite inequalities (II. ip and (II. 2p directly which, we 
believe, has intrinsic interest. The proof given here re-casts the semi-definite conclu- 
sion (II. 2p as another, non-strict inequality on the square of the distance function, see 
(14.20 . then uses simple Taylor analysis to show that (II. ip implies (14. 2p . Variational 
arguments often fail when one tries to pass from one non-strict inequality to another, 
so their success in this instance merits mention. The local constancy of ||V5|| plays 
a key role in our approach to this issue. 

Once Oka's Lemma (Theorem 14. ip is proved in this way, it is illuminating to apply 
this method to other convexity- like hypotheses on bfl besides pseudo convexity. The 
most natural hypotheses of this kind are: (i) the real Hessian of 6 non-negative on 
the real tangent space to bQ (convexity), (ii) the real Hessian of 6 non- negative on the 
complex tangent space to bQ (C-convexity), and (iii) the complex Hessian of 6 non- 
negative on the real tangent space to bfl {6 plurisubharmonic "on the boundary"). 
We examine how these hypotheses yield widespread non-negativity on the Hessians of 
5 or — log(— 5) in Sections [5] and [6l We follow the method used to prove Theorem 14.11 
quite closely in these sections, in order to clearly identify how the different hypotheses 
lead to different conclusions. After our paper was written, we learned that pO| earlier 
gave a proof of the C-convex case along these lines, so our proof of Theorem 16.21 
merely reprises their proof. 

In the final part of Section [6l we examine non-negativity of the complex Hessian 
of 6 on cones of vectors containing the complex tangent space and lying in the real 
tangent space. Under this hypothesis, we show (Theorem I6.14p how the size of the 
Diederich-Fornaess exponent ([12]) — but only for the fixed defining function 6 — is 
determined by the angle of the cone of non- negativity. Theorem 16.141 gives a spectrum 
of results that naturally interpolate between the conclusion given in Theorem 14. II and 
that given in Theorem 16.61 This result explains an example given in [2] , where no 
?7 > exists such that —(—5)'' is plurisubharmonic, and is also related to results in 
[1], [5] which deals with situations where rj can be chosen close to 1 (but for defining 
functions other than 6). 



2. Tangent spaces and Hessians 

Succinct notation for Hessians (real and complex) of smooth functions and tangent 
spaces (real and complex) will make the arguments in Sections H]- [6] quite transparent. 
We present these objects using global coordinates for brevity, mentioning only the 
invariance needed in the subsequent proofs. 
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Let C C" denote a domain with smooth boundary b^l. A local defining function 
for in a neighborhood [/ of p G bQ, is a real- valued function r G C°°{U) satisfying 
U r\n = {z eU : r{z) < 0} and Vr(z) ^ for 2 G t/. 

Let (zi, . . . , z„) denote the standard coordinates on C", with Zk = X2k-i + ix2k for 
k = 1, . . . ,n. The usual Cauchy-Riemann vector fields are written 

d 1 f d . d \ , d 1 f d . d 
— I -z and — — = - h I 



dzk 2\dx2k^i dx2k J dzk 2 \dx2k-1 dx2k 

and differentiation of a smooth function will be denoted with subscripts, e.g., fz 
The real tangent space to bfl at q ^ bfl, M.Tq{bQ), is 

{2n 
k=i 

where W = ^ ^k^- Note that if . . . , ?/2n) is another, smooth coordinate sys- 
tem in a neighborhood of g, then ^ra:^^{q)Wk = ^ry^^{q)Wk if = ^Wk^ = 
^Wfc^, so (12. ip is invariant of coordinate change. The complex tangent space to 
61] at g G bQ, CTg{bQ), is 

(2.2) CT,{bn) = J G : f^r,,(g) 14 = 



k=l 



where V = '^Vk-^. If (wi,...,w„) is an arbitrary local holomorphic coordinate 
system near q, the vector fields are given by the chain rule, and V = 
is decomposed with respect to the frame {d/dwi, . . . , d/dwn}, it is easy to see (12.21) 
is an invariant definition. Both (12. ip and (12. 2p are independent of the choice of local 
defining function for Q. 

The Hessian of a smooth function / : C" — > C can be viewed as a bilinear form on 
vectors in M^" or on vectors in C". We invert the usual presentation by considering 
its action on complex vectors first. The real Hessian of / at a point p acting on the 
pair of vectors {A, 5) G C" © C" is 

J2 UM^kBe +2 5^ UMAkB,. 

k,l=l j k,e=i 

Checking that ( 12. 3p agrees with the more familiar definition of the Hessian using the 
underlying real coordinates requires a small computation. We first fix a specific identi- 
fication of and M^"; ii A = {ai+i a2, ■ ■ ■ , a2n-i+i 0'2n) and B = [bi+i 62, • • • , &2n-i + 
ib2n) are in C", then the corresponding vectors in M^", (oi, 02, . . . , a2n-i, a2n) and 
(61, 625 • • • J &2n-i? &2n), will also be denoted by the symbols A and B. The definition 
of the operators ^ and straightforward linear algebra shows 



2n g2 j 



^/(P)(A5) = E^^(p)a.6.. 



kl=l 
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The complex Hessian of / at p is (one-half of) the second term on the right-hand side 
of ([23D: 

n 

k,e=i 

One-half the first term on the right-hand side of (12.31) — henceforth, the complement 
of the Levi form — will be denoted 

(2.5) {A, B)=Re ( f,^,,{p)AkB, 

\k,e=i 

The forms C and Q transform differently under multiplication of their arguments by 
i = a/^. Indeed, (12. 4p immediately yields £/(p)(y4, 5) = Cf(^p){iA,iB^, while (12. 5p 
shows Q/(p)(v4,5) = -Qf(j,)[iA,iB). Consequently, for all pairs {A,B) G C" © C" 

B) + Hf^,) [tA, tB) = 4£;(,) {A, B) . 

It is also convenient to have notation for first-derivative expressions of /. The 
complex gradient of / acting on a vector in CT (C^) will be denoted 

n 

(2.6) {df{p),V) = Y,f^Myk, 

k=l 

when = ^ ^^af^' "^^^ symbol {df{p), V") is defined analogously. The real gradient 
of / acting on a vector W G M^" will be denoted 

2n 

(2.7) {Vfip),W) = J2^.W,, 

k=l 

If / G C^{U), U open in C", and p = {pi + ip2, . . . ,P2n-i + ip2n),q = {qi + 
^^2! . . . ; Q2n-i + ^Q'2n) ^rc two poiuts in [/, Taylor's theorem to second-order in real 
notation says 

/(g) = f{p) + (v/(p), V) + ^?^;(,) iv, v) + o {\\vf) , 

where V = (pi — gi, . . . ,p2n — Q2n) £ In complex notation, the same result is 

expressed 

(2.8) /(g) = fip) + 2 Re {df{p), W) + Qj^p) {W, W) + Cj^,) {W, W) 

+ o{\\wf), 

where W = p — q E C". 

Basic convexity notions, on both functions and domains, are easily expressed using 
the above notation. 

Definition 2.9. Let U C be an open set and f G C^iU). Then 
(a) f is convex at p E U if 

nf^q){w, w)>o y qeu', w ec" 
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for some neighborhood U' G U containing p. 
(b) f is plurisubharmonic at p eU if 

for some neighborhood U' G U containing p. 

If / is convex at p, then so is / o L for any M-affine coordinate change of the 
standard coordinates. This follows easily from the chain rule. Plurisubharmonicity 
is not invariant under a general M-affine coordinate change. But it is invariant under 
an arbitrary, local biholomorphic map (again, by the chain rule), in particular under 
a C-affine coordinate change. 

Definition 2.10. Let Q G be a smoothly bounded open set, po G hVL, and r is a 
local defining function for Q in a neighborhood of pq. Then 
(a) Q is convex near po if 



Urip) (V, V) > peU nhn, V e MTp(6^]) 

for some neighborhood U containing po- 
(b) Q is pseudoconvex near po if 

Cr[p) [v,v)>Q ^ peunbn, V e CTp{bn) 

for some neighborhood U containing Pq. 

Both conditions in Definition 12.101 are independent of the choice of local defining 
function. The conditions are also invariant under a C-affine coordinate change, as 
mentioned above. 



3. Distance to the boundary 

The other ingredient in Oka's lemma is the distance-to-the-boundary function, 
which we denote hj d = dm'- 

diz) = inf \\z — q\\. 

qebn 

The signed distance to bfl will be denoted hj 6 = 6bn- 

-d{z), z E Q 



(3.1) S{z) 



d{z), z eil" 

We collect some basic facts about 5 on a smoothly bounded domain in C". 

Proposition 3.2. If Q G C"' is a smoothly bounded domain, then there exists a 
neighborhood U of hVt such that: 

(a) The map bi,^ : U — > bQ satisfying \\bh^{z) — z\\ = \Si,fi{z)\ is well-defined. 

(b) The functions bbn and 6bQ are smooth on U. 



6 



A.-K. HERBIG & J. D. MCNEAL 



(c) For each p G bQ, let Up be the real outward unit normal to bQ at p. Then there 
exists a coordinate system {wi, . . . , Wn), = y2k~i + W2k, k = 1, . . . ,n, which 
is a C-affine coordinate change of the standard coordinates on C", such that 
for all q = tUp e U (IQ, t e R, 



(3.3) 6M 



0, j^2n-l 

1, j=2n-l 



For a proof of (a) see, e.g., [3], Lemma 4.1.1 on pgs. 444-445. Proofs of (b) and 
(c) follow from Corollary 5.2 in [8] after using Lemma 1, pg. 382, in [6]. 



4. A PROOF OF Oka's Lemma 

The significant content of Oka's Lemma is that —logdh^ is plurisubharmonic near 
bfl, if Q is pseudoconvex. Since the new feature in our proof also occurs near bfl, we 
shall focus on proving the following 

Theorem 4.1 (Version of Oka's Lemma). Let Q be a smoothly bounded, pseudocon- 
vex domain in C^. There exists a neighborhood U of bfl such that — log(— (5(z)) is 
plurisubharmonic for z ^ U (1 Q. 

Proof. For the expansion of a normed expression below (see (14.51) ). it is convenient to 
consider the square of the function d rather than d (or 6) itself; let 

D{z) = dl^{z) = mi{\\z-qf:qebn}. 

Obviously, —log{—6{z)) is plurisubharmonic iff — 21og(— 5(z)) is plurisubharmonic, 
and — 21og(— 5(z)) = — log D{z) if z E Q. Thus, it suffices to show there exists a 
neighborhood U of bQ such that 

(4.2) Ld{z)[V, V) < 

for all z eUnn and all V G C". 

Let ?7 be a small enough neighborhood of bQ so that the projection map b is well- 
defined and smooth. For a given q & U (1 Q, make the C-affine coordinate change in 
Proposition 13.21 to achieve 

(i) b{q) = (= (0, . . . , 0) = (0', 0) G C"-i X C)) 
(n) q = (0', a) , a < 
(ni) RTo (bQ) = {Rez^ = 0}. 

We shall continue to denote the changed coordinates as (zi, . . . , z^), with Zk = X2k-i + 
ix2k, and do all subsequent computations with respect to these coordinates. 

In a neighborhood Uq of 0, the Implicit Function Theorem says that bfl can be 
viewed as a smooth graph over RTq (bQ) . Explicitly, we can find a defining function, 
r{z), of the form 

(4.3) r{z) = Re Zn + h {z' , Im Zn) , 



where h G ([/,), /i(0) = and V/i(0) = (0, . . . , 0). 
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Clearly D{q) = a?. It follows from Proposition 13.21 that Dx2„-Al) — 2^ and that 
all the other real partial derivatives of D vanish at q. This translates to the following 
information on the complex partials of D: 



(4.4) D^M 



if A; ^ n, 
a ii k = n. 



Let V = {V',Vn) denote an arbitrary direction in C", with small enough so 
that q + V lies in Ug. Decompose Vn into its real and imaginary parts, Vn = s + it, 
and note 

q + V = {V',a + s + it) . 

The form of the defining function r suggests a suitable point on bfl with which to 
estimate D{q + V): gS]) says that {V, -h{V', 0)) G bQ for any {V, 0) e Ug. Conse- 
quently, 

(4.5) D{q + V)<\\ {V, a + s + zt)- {V, -h{V', 0)) f 

= \\a + Vn + h{V',0)\\'' 

= a^ + 2{a + s) ■ h{V', 0) + 2as + IKT + h\V' , 0) 
= a^ + 2a- h{V', 0) + 2as + + O {\\Vf) . 

The last equality follows since h vanishes to second order at 0. 

Set V = {V, 0) and notice that h{V) = r{V). Since V G RTo{bQ), Taylor's theorem 
gives 

(4.6) h{V) = lurio){V,V) + o(\\V\\'y 

However, V actually belongs to CTo(6f2), so Cr{o){V,V) > by pseudoconvexity. 
Since a < 0, it follows that the second-order part of2a-h{V' , 0) in (14.51) corresponding 
to the complex Hessian is negligible, i.e., that 

anrio){V,V) <a2Qr(^o){V,V). 

Returning to (14. 5p . we obtain the estimate 

D{q + V)<a^ + 2a- Q,(o) {V, V) + 2as + + O {\\Vf) 

= D{q) + 2a ■ Q,(o) {V, V) + 2Re {{dD{q), V)) + '^^^ff^'^^^'' 

+o{\\vr), 

where (14. 4p and the fact that D{q) = a? are used to obtain the last equality. A similar 
estimate holds in the direction iV , the only changes occurring in the second and third 
terms: 

D{q + iV) < D{q) - 2a ■ Q,(o) {V, V) - 2lm{{dD{q), V)) + l^^^^^^' 



Diq) 
0{\\Vr). 
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Adding these two estimates yields, for S = D{q + V) + D{q + iV), 

(4.7) S < 2D{q) + F{q, V) + 2 '^^^^^ + O (||y f ) , 
where F{q, V^) = 2 Re {{dD{q), V)) - 2 Im {{dD{q), V)). 

On the other hand, expanding D{q + V) and D{q + iV) about q by Taylor's theorem 
gives 

D{q + V) = D{q) + 2Re {{dD{q), V)) + Q^(,)(V^, V) + Cni,)iV, V) 

+o{\\vr) 

and 

D{q + zV) = D{q) - 2Im {{dD{q), V)) - QDi,){V, V) + Cni,){V, V) 

+o{\\vr). 

Adding these two equations yields 

(4.8) S = 2D{q) + F{q, V) + 2 Uig){V, V) + O {\\Vf) . 
Estimating (14.81) from above by (14. 7p and making the obvious cancellations yields 

2£„,„(V.t-)<2 l<^y>l% 0(||Kf). 

Homogeneity considerations in V then show (14. 2 p holds for q ^ Uq (1 Q. Since the 
argument above can be given for every q & U ClQ, the proof is complete. □ 

5. Convex domains 

If ri C C" is convex, it is not necessary to compose S with a function like x{^) = 
— log(— x) in order to get a conclusion related to Theorem 14. 1[ Indeed, if 'Hs{p) > 
on M.Tp{bQ) for p G bQ, then 6 itself inherits widespread positivity on its real Hessian: 

Theorem 5.1. Let Q be a smoothly bounded, convex domain in C". There exists a 
neighborhood U of bQ such that 6{z) is a convex function for z & U (IQ. 

Different proofs of Theorem 15.11 are known, see pgs. 354-357 in [6J, pgs. 57-60 in 
[To] and Corollaries 5.7 and 5.12 in [8]. In fact, S is convex on a full neighborhood of 
bfl, not just on U (IQ; see Remark 15.91 below. As mentioned in the introduction, the 
proof below is parallel to the proof of Theorem 14. 1^ to clearly trace how the stronger 
hypothesis in Theorem 15.11 leads to its stronger conclusion. 

Proof of Theorem \5.1\ As before, consider the function D{z) = {6{z))'^. A straight- 
forward computation gives 

(5.2) -Hoi., {V, V) = '^^^ff/^'' + 25(.)H,(.) {V^ V) 



for all z near bVt and G C". To prove Theorem 15.11 it therefore suffices to show 
that there is a neighborhood U of bVL such that 

(5.3) Hoi.) {V, V) < ^^^^^j^fj^^ \/ zeUnQ, V G C". 
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Let U he a small enough neighborhood of bQ so that the projection map b is 
well-defined and smooth. Fix q & U (1 Q, make the C-affine coordinate change in 
Proposition 13.21 and obtain 

(i) %) = 0(= (0,...,0) = (0',0)gC"-1xC)) 

(ii) q = (0',a) , a < 

(iii) MTo (bQ) = {Rez^ = 0}. 

Continue to denote the changed coordinates as {zi, . . . , Zn), with z^. = X2k-i + ix2k, 
as in the proof of Theorem 14. 1[ 

Apply the Implicit Function Theorem as before: there exists a neighborhood Ug of 
the origin, a function h € C^iUg) with h{0) = and Vh{0) = (0, ... 0), such that 

(5.4) r{z) = Re Zn + h {z' , Im Zn) 

is a local defining function for Q in Ug. 

Clearly D{q) = a^, while Dx^^_^{q) = 2a and all the other partial derivatives of D 
vanish at q, by Proposition 13.21 Let V = (V', Vn) G C"" be given, write Vn = s + it, 
and consider g + \^ as a small perturbation of q. We have that (V', —h(y', c) + ic) 
lies in bfl, for any c G M. Thus, 

D{q + V) < \\{V',a + Vn)-{V',-h{V',c)+tc)f 



\a + s + h{V',c) + i{t - c) 



|2 



\2 



= [a + s + h{V' ,t)y 
if c is chosen equal to t. Expanding this square yields 

(5.5) D{q + V)<a^ + 2as + + 2(a + s) ■ h{V', t) + h'^{V\ t) 

= a^ + 2as + (Re Vnf + 2a ■ h{V\ t) + O {\\Vf) , 

since h vanishes to second order at 0. _ _ 

Now set V = {V',it). Note that h{V',t) = r{V) and that V E RTo{bn) (though 
not in CTo(6n), unless t = 0). Taylor's theorem gives 

(5.6) hir,t) = ^nrio){v,v) + o{\\vfy 

Convexity of Q implies Hr(o){V ,V) is non-negative, so we have h{V',t) > —C\\V\\^ 
for some constant C > 0. Because a < 0, it follows from (15. 5p that 

(5.7) D{q + V) <a'^ + 2as + {ReVnf + o(^\\vf^ 

^z>W.(vz)M.v^)+ l<^y>IV o(||v-|r). 

However, expanding D{q + V) about q by Taylor's theorem gives 

(5.8) Diq + V) = D{q) + (VZ)(g), V) + i?/i,(,)(V^, V) + o(\\vf) . 
Estimating (15. 8p from above by (15. 7p leads to 

i«.„(..).»^.c(ii.r). 

The homogeneity in V then implies that (15. 3p holds. □ 
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Remark 5.9. Under the hypothesis of Theorem 15. 11 6{z) is also convex for z G UdQ'^. 
The same initial part of the proof above is used; however a > when q ^ U Cifl'^. 
Notice that the conclusion above (15. 7p can be improved: Taylor's theorem actually 
yields 

h{V', t) = r(0) + (Vr(0), V) + ^ Uria) (v, V 

for some point a on the line segment connecting the origin and the point V. It follows 
from the proof of Proposition 4.1 in [8] that 'Hr{a)(y ,V) > 0. Therefore, h(y',t) is 
non-negative, and the distance of the point q + V to bQ is larger or equal to its 
distance to the hyperplane {x G : x„ = 0}. But the latter is attained at the point 
V. It follows that 

D{q + V) > \\iV',a + Vn) - Vf = \\a + sf 

\{VDiq),V)\' 



D{q) + {VDiq),V) + 



4D{q) 



This yields, by repeating the arguments in the proof of Theorem 15. 11 that S is convex 
on Q'' n U. 



6. Intermediate positivity conditions 

In the previous two sections, hypotheses on the Hessians and tangent spaces were 
"matched" with respect to the real or complex structure: Tis > on MT(6f2) in 
Theorem 15.11 and £5 > on CT{bQ) in Theorem 14.11 In this section, we study 
"mixed" situations. 

Non- negativity of Hs^p) on CTp(6f2). 

Definition 6.1. Let Q G C"" be a smoothly bounded open set, po G bQ, and r is a 
local defining function for Q in a neighborhood of po- Then Q is C-convex near po if 

^r{p) {v,v)>o \/ peu nbn, V e CTp{bn) 

for some neighborhood U containing Pq. 

As with the conditions in Definition 12.101 C-convexity is independent of the choice 
of local defining function as well as invariant under a C-affine coordinate change. 

A convex domain is clearly C-convex , since CT{bQ) C M.T{bQ). Also, the displayed 
equation below (12.51) shows that a C-convex domain is pseudoconvex. Not suprisingly, 
a result intermediate to Theorems 14.11 and 15.11 holds for C-convex domains. 

Theorem 6.2. Let Q be a smoothly bounded, C-convex domain in C". There exists 
a neighborhood U of bQ such that 

(6.3) Hsiz) {V, V) > '^^'^^.f^'^^' y zeunn, v g c". 

As mentioned in the introduction. Theorem 16.21 is proved in [1], see the implication 
(ii) to (iii) of Theorem 2.5.18 therein (there is a notational difference between our 
paper and P - compare (12. 3p and the first displayed equation on pg. 60 in [Ij). 
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Proof of Theorem \6.2[ As in the proofs of Theorems 14.11 and 15.11 work with the func- 
tion D{z) = Note first that for any vector V" G C" 



4D{z) 

It then follows from ( 15. 2 p that (16. 3 p is equivalent to 

(6.4) Hni.){V,V)< ^^^^^ + ^zeunn,vec. 

To prove (16.41) . proceed as in the proof of Theorem 14. H starting below (14. 2p . Take 
q = (0', a) for a < and V = {V, Vn) with Vn = s + it. Choose again the boundary- 
point {V, —h{V', 0)) to obtain an upper bound on D{q + V): 

D{q + V)<a^ + 2a- h{V' , 0) + 2as + + + C {\\Vf) . 

Since {V',0) is in CTo(6fi), it follows from (14. 6 p and the hypothesis of C-convexity 
that h{V',0) > -C\\Vf for some C > 0. Therefore 

D{q + 1/) < + 2as + + + C {\\Vf) 

Using ( 15. Sp . it then follows that 

-HnUV^ V) < -^^^ + + 0[\\V\\), 

which implies ( 16. 4p . □ 



Non-negativity of /^<5(p) on WTp{hVL). Finally, we turn to the case of non-negativity 
of the complex Hessian of a defining function on the real tangent space. Unlike the 
previous conditions, this one is not independent of the choice of defining function. 
We shall only consider this condition on 5 as our method of proof is fine-tuned to this 
defining function. 

It is elementary that this positivity spreads to arbitrary directions: 

Remark 6.5. If Cs[,){V, V)>Q for all z G 6fi and 1/ G Wr,{hQ), then Cs(^,){W, W)>Q 
for all z EhVt and W G C^. This can be seen if, e.g., the coordinates in the proof of 
Theorem [O are used. Then, for W G C, choose 9 G [0, 27r) such that Re{e^'^Wn) = 0. 
The complex Hessian of 6 is invariant under such rotations and V := e^^W G ]RTo(6fi). 

Moreover, this positivity spreads off bQ: 

Theorem 6.6. Let Q be a smoothly bounded domain in C^. Suppose that Cs{z) {V, V) > 
for all z & bQ and V G M.Tz{bQ). Then there exists a neighborhood U of bQ such 
that 6 is plurisubharmonic on U (IQ, i.e., Cs{z){V,V) > for all z & U (1 Q and 
V G C". 
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Proof. Again, use the function D{z) = {6{z)Y, and note that 

(6.7) Coi.m W) = + 25(z)A(.)(iy, W) 

for z near bQ and W G C". Thus, to prove Theorem 16.61 it suffices to show that there 
exists a neighborhood U of bQ such that 

|2 



\{d Diz),W )\^ 
2D{z) 



(6.8) CDiz)iw,w) < ^' V z G f/nfi, G c". 



Proceed as in the proof of Theorem 15.11 starting below (15. 3 p . By Remark 16.51 it 
suffices to prove (16. 8p for vectors that are of the form V = {V, it) for V' G C"^^ and 
t G M. As in the proof of Theorem 15.11 , take q = (0', a) for a < 0, and choose the 
boundary point (V', —h{V', t) + it) to obtain an upper bound for D{q + V): 

D{q + V) < \\{V',a + Vn)-{V',-h{V',t)+tt)f 

(6.9) = D{q) + 2a ■ h{V' , t) + ). 

Next, choose the boundary point {iV , —h{iV' ,0)) to obtain an upper bound for 
D{q + iV): 

D{q + iV) < II {tV', a + iVn) - {iV , -h{iV' , 0)) f 

\{dDiq),V)\' 
D{q) 

Suppose (temporarily) that there exists some constant C > such that 
(6.11) h{V', t) + h{iV', 0) > -C\\Vf. 

Then, adding fl6:T0|l to (13]) would yield 
S = D{q + V) + D{q + iV) 

\{dD{q),V)\ . ,./,u.m3 
D{q) 

Using (US]) for S and the fact that Re {{dD{q), V")) = 0, it then would follow that 



(6.10) = D{q) - 2Im {{dD{q), V)) + 2a ■ h{iy\ 0) + K^-^ff' ^)! +o(\\V\ 



< 2D(q) - 2Im({9r>W, V)) + "^^jf,*^^ + o{\\V\ 



D{q) 

which implies (16. Sp . 

Thus it remains to show that (16. lip holds. For that write V = {iV',0), so that 
h{iV',0) = r{V) (and h(y',t) = r{V)). Then Taylor's Theorem gives 

hiV',t) + h{iV',0) = I ('Hrio){V,V)+'Hrio){V,V)) + O {\\Vf) . 



2 

Since ^^^^^^(O) = r^jx^iS^) (see for instance part (i) of Remark 4.2 in [8] with r = 5 
there), it suffices to show that 

^^(o)(V^,V^)+^5(o)(t>,t/)>0. 
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AsV = iV + (0', t), the bilinearity of V. yields 

-Hsio) {V, V) = -Hsio) {tV, tV) + 2'Hsio) {tV, (0', t)) + Us^o) ((0', t) , (0', t)) . 
However, the fact that Ylj=i \ = 1 holds in a neighborhood of bQ implies that 

•H5(o)(.,(0',l)) =0, 

see, e.g., (5.5) in p] for details. Thus 'Hs{o){y ^V) = 'Hs{o){iy,iy), so that by (12. 3p 
'Hsio){V, V) + nsio){V, V) = 4A(o) {V, V) > 0, 

since the complex Hessian of 6 on the boundary is non-negative definite on the real 
tangent space. □ 



Non-negativity of Cs{p) on cones in M.Tp{bQ). One may also consider non-negativity 
of the real or complex Hessian of 6 on cones of vectors, contained in the real tangent 
space, whose axes are the complex tangent space. We shall only consider the non- 
negativity of Cs on such cones here, but mention Tis >0 could be considered as well 
and a result analogous to Theorem 16.141 below obtained for that hypothesis. 

Definition 6.12. Let C C" 6e a smoothly bounded open set, p G bQ. Let r be a 

defining function for Q in a neighborhood of p and 7 G [0, 00). Then 

RT^m = G MTpm : ^^^^^ < 7 

Note that the definition of the cone MT^(6r2) is independent of the choice of defining 
function. Also, ]RT^(6f2) is invariant under C-affine coordinate changes that are 
compositions of translations and rotations. Furthermore, 

(i) RT^{bn) equals CTp(6fi), 

(ii) \im^^ocRT^{bn) equals RTp{bn). 

Definition 6.13. Let Q G C"" be a smoothly bounded open set, Pq G bQ, and U a 

neighborhood of pq. Then 6 is 'j-plurisubharmonic on U HbQ if 

jCs{p){v, v)>o y peu nbn, V e RT;i{bn). 

Note that the condition of 7-plurisubharmonicity of 5 is a condition intermediate 
to pseudoconvexity of f2 (7 = 0) and plurisubharmonicity of 6 on bQ (7 = 00). 
The following theorem establishes that the complex Hessian of 6 then inherits non- 
negativity intermediate to the results of Theorem 14.11 and Theorem 16.61 

Theorem 6.14. Let Q G C"" be a smoothly bounded domain. Suppose 6 is 7- 
plurisubharmonic on bQ for some 7 > 0. Let rj = 1 — 2/(2 + 7^). Then there 
exists a neighborhood U of bQ such that 



V 



(iVri^p), V)i'Vr{p) 



iVr 



£_(_5).(,)(\/,V) >0 



y zeunn, 1/ g c". 
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Proof. Use the function D{z) = {6{z))'^. First note 

£_(_5)n.)(^, V) = v{-S{z)y'-' [{-6{z))Cs^,){V, V) + {1- r,) Ka5(z), V)\^) 

= r^{-6{z)r' V) + {1- ^)^^^^^)- 

It follows from fl6.7l) that it suffices to show that there exists a neighborhood U of bQ 
such that 

l--D{z)[V,V) < [2-7]) 



2D{z) 

\{dD{z),V)\' 



(6.15) 

^ ' ' 2 + 7V 2D{z) 

for all 2 e f/ n n and G C". 

Proceed as in the proof of Theorem starting below fl5.3p . In particular, let 
q = (0', a) for a < 0. By the arguments in Remark 16. 5[ it suffices to prove (16.151) at 
z = q for vectors V = {V, Vn) with Vn = it for t G Mg . 

Let us first suppose that V G MTq (6fi). Then, since 6 is 7-plurisubharmonic on 
bQ, the proof of Theorem 16.61 is applicable so that (16.81) holds (which implies (16.151) 
for any 7 > 0). 

Next, suppose that V ^ RT^{bQ), i.e., |t| > 7||V"'||. Since (W, -h{W',c) + ic) is a 
boundary point for any point (W', ic) sufficiently close to the origin, it follows that 

D{q + V) < \\{V\a + Vn)-{W\-h{W\c)+ic)\\^ 

(6.16) = (a + h{W\ c)f + - W'f + (t - cf. 
Similarly, since {iW ^ —h{iW\^)) is a boundary point, it follows that 

D{q + iV) < \\{iy\a + iVn) - {iW\-h{m',Q))\\^ 

(6.17) = (a - t + h{iW\ Q)f + \\V' ~ W'f. 
Adding flgTTD to fl^TTB]) gives 

S = D{q + V) + D{q + iV) 

< (a + h{W', c)f + (a - t + h{iW' , Q)f + 2\\V' -W'f + {t~ cf . 

Minimizing the function f(W\ c) = 2\\V' — W'W^ + (^ ~ c)^ subject to the constraint 
|c| = 7||Vr'|| (so that {W',ic) G MTj (fefi) holds), yields the minimal value 

2 / IIT//IUA2 



where Cq = 7(^7 + 2||V'||)/(2 + 7^) and W^^ = Co1/V(7||\/'||) if V ^ 0. If V = 0, we 
take Wo = 0. Since V i RT;j{bn) it follows that f{W^, cq) < 2t^/{2 + 7^), and hence 

(6.18) 

S <2D{q) -2lm{{dD{q),V)) 

+ 2a(MH^; Co) + M^W^; 0)) + (1 + ^) ^^^^otr^' + ^ ^"^"'^ ' 
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where it was used that ||(Vro,co)|| = 

Suppose (temporarily) that there exists a constant C > such that 

(6.19) /i(iy; Co) + /i(ziy; 0) > -C II {W^, Co) II' . 

Then using (iSD for S in fl08l) and the fact that Re {{dD{q), V')) = 0, would yield 

which would imply (16.151) . 

That (16.191) is indeed true may be shown by arguments analogous to the ones in the 
proof of (16. lip , using the facts that 6 is 7-plurisubharmonic on bQ and that (PVg,ico) 
was chosen to be in M.TQ[bfl), the cone of non-negativity of the complex Hessian of 
S. □ 

Remark 6.20. In [2], pages 134-137, an example of a pseudoconvex domain is given 
such that —{—6)^ is not plurisubharmonic for any rj > 0. It is straightforward to 
check for this example, using the computations in that Cs(o)(y,V) < for any 
V G MTq \ CTq, i.e., that 6 is not 7-plurisubharmonic for any 7 > 0. 
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